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Molecular dynamics on nonequilibrium motion of a colloidal particle driven by an
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We investigate the motion of a colloidal particle driven out of equilibrium by an external torque.
We use molecular dynamics simulation as an alternative to the Langevin dynamics. We prepare a
heat bath composed of thousands of particles interacting with each other through the Lennard-Jones
potential and impose the Langevin thermostat to maintain heat bath in equilibrium. We consider
a single colloidal particle to interact with the particles of the heat bath also by the Lennard-Jones
potential, without applying any types of dissipative and fluctuating forces used in the Langevin
dynamics. We set up simulation protocol fit for the overdamped limit as in real experiments by
increasing the size and mass of the colloidal particle. We study nonequilibrium fluctuations for work
and heat produced incessantly in time and compare results with those obtained from the previous
studies via the overdamped Langevin dynamics. We confirm the Gallavotti-Cohen symmetry and
the fluctuation theorem for the work production.
PACS numbers: 05.70.Ln, 05.40.-a, 05.10.-a, 47.57.-s
I. INTRODUCTION
Nonequilibrium thermal fluctuations for a small sys-
tem in contact with heat bath in equilibrium become
very large and exhibit interesting properties that are uni-
versal over different systems. The underlying principle
for the universal properties is the fluctuation theorem
(FT), which was first discovered for a deterministic sys-
tem thermostatted so as to conserve kinetic energy [1–
3]. The FT was later proven to hold for a wide class
of stochastic systems [4–7]. It deals with the thermal
fluctuations of thermodynamic quantities produced per-
sistently in time, such as work and heat in a nonequi-
librium process. A typical form of the FT is given by
〈e−βtw〉 = 1, where w is the rate of work production
piled over a period t in nonequilibrium dynamics driven
by a nonconservative force acting on the system initially
prepared in equilibrium with heat bath. β is the inverse
temperature (kBT )
−1 for the Boltzmann constant kB and
the temperature T of the heat bath. The bracket denotes
the average over all possible fluctuations. To investigate
the FT and related issues, it is required to accurately deal
with the probability distribution of the thermal fluctua-
tions in a nonequilibrium process.
Work and heat are path-dependent quantities. The
thermal fluctuations of such quantities arise from many
different paths (trajectories) along which the system
evolves in time. One essentially needs the ensemble av-
erage over all paths from the past to the present, unlike
the usual ensemble average over all states at a certain
time. The path integral theory to deal with trajectory-
dependent fluctuations was developed by Onsager and
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Mathlup based on the Langevin equation [8], and was
used successfully to prove the FT [6].
In the experimental side, the fluctuations around the
average value of a thermodynamic quantity for a small
system become so predominant that they are measurable
with high accuracy by using modern technologies. Inter-
esting experiments were carried out to confirm the FT
for various systems such as a colloidal particle in a mov-
ing optical trap [9, 10], a molecule in the AFM pulled
by an external force [11], an electrical circuit driven by
a small current [12], a harmonic oscillator under an ex-
ternal force [13, 14], an RNA molecule unfolded and re-
folded by optical tweezers [15, 16], a rotating motor pro-
tein F1-ATPase [17], and a colloidal particle in breathing
harmonic potential [18].
An alternative approach to the study on large fluctu-
ations for a small system is molecular dynamics (MD).
MD deals with both a small system and a heat bath con-
sisting of an extremely high number of molecules by tak-
ing into account the interactions in detail among them,
and it mimics an experiment as realistically as possible.
It plays the role of the bridge between experiment and
phenomenological theory such as the Langevin dynamics.
The first MD study in this field was carried out accom-
panying an experiment for a colloidal particle in a mov-
ing optical trap [9]. Recently, MD studies were done to
confirm the FT for non-equilibrium motions such as the
effusion of an ideal gas through a hole between two com-
partments [19] and the motion of a particle in a moving
billiard [20].
In our work, we investigate via MD simulation the
motion of a colloidal particle in a liquid driven out of
equilibrium by an external non-conservative force gener-
ating torque. Such external torque was found to produce
non-zero circulating current even in steady state, charac-
terizing nonequilibrium steady state [21]. Energetically,
2it was found to produce work and heat incessantly in
time [22, 23]. Such system was suggested as a heat en-
gine [24] and investigated as a model system to examine
optimal efficiency for maximum power [25]. We examine
and confirm various nonequilibrium properties including
the FT. We compare the results from the MD simulation
with those found from the Langevin dynamics [22, 23].
II. NONEQUILIBRIUM MOLECULAR
DYNAMICS
The particles employed in the MD are composed of
molecules in liquid and the colloidal particle immersed in
them. The liquid plays the role of a heat bath kept in
equilibrium at a fixed temperature T . Liquid molecules
are designed to interact with each other via the Lennard–
Jones (LJ) potential:
VLJ(r;σ) = 4ǫ
[(σ
r
)12
−
(σ
r
)6]
, (1)
where σ and ǫ define the effective diameter (radius of
cross section) of a pair of molecules and the intensity
of interactions, respectively. To maintain the liquid in
equilibrium, we use the Langevin thermostat in which the
same sort of dissipative and fluctuating forces are used
as in the Langevin equation [26]. Then, the equation of
motion of the i-th molecule with mass m for position xi
and velocity vi are given as
mv˙i = −
∑
j( 6=i)
∇iVLJ(|xi − xj |;σ)− γvi +
√
γβ−1ξi(t)
−∇iVLJ(|xi − x|;σ′) , (2)
where x is the position of the colloidal particle. For the
LJ potential between the colloidal particle and a liquid
molecule, a different parameter σ′ is used with the same
ǫ. σ′ is the radius of cross section for a pair of the colloidal
and a liquid molecule. Then, 2σ′ − σ is the diameter of
the colloidal particle. The last two terms in the first line
are given from the Langevin thermostat. The fluctuating
force ξi is white noise with mean zero and the variance
given by 〈ξia(t)ξjb(t′)〉 = 2δijδabδ(t− t′) for a, b = 1, 2, 3
denoting the components in 3 dimensions. The strength
of the white noise,
√
γβ−1, relates the dissipation co-
efficient γ and the inverse temperature β of the heat
bath. This relation is called the Einstein relation or the
fluctuation-dissipation relation, which guarantees that in
the absence of the last term in Eq. (2), the molecules
reach an equilibrium with the Boltzmann distribution as-
sociated with unperturbed energy E
(0)
hb , which is given by∑
imv
2
i /2+
∑
(i,j) VLJ(|xi−xj|; ǫ, σ) where the subscript
(i, j) denotes the pair of molecules i and j. Even in the
presence of the interaction with the colloidal particle, the
molecules approximately maintain equilibrium since the
interaction force gives O(1)-contribution to the dynam-
ics while E
(0)
hb ∼ O(N). This happens in experiments
where the temperature of the liquid is kept well under
the Brownian motion of a colloidal particle in the liq-
uid. This can also be confirmed in MD simulations if the
period of measurement is not too long.
The equation of motion of the colloidal particle with
the mass M immersed in the liquid for position x and
velocity v is given as
M v˙ = fapp −
∑
i
∇VLJ(|x− xi|;σ′) (3)
where fapp is an applied force acting exclusively on the
colloidal particle, which is possible if an electromagnetic
force is applied to a charged colloidal particle in an elec-
trically neutral liquid. −∑i∇VLJ(|x−xi|;σ′) is the sum
of interaction forces exerted by molecules. It plays the
equivalent role of dissipating and fluctuating forces in the
Langevin dynamics. Heat is defined as work done by this
force acting by molecules.
We mimic an optical trap by harmonic force −kx with
stiffness k, which is applied to confine the colloidal parti-
cle. Choosing z-axis to be perpendicular to the surface of
the liquid, one can consider a non-conservative and linear
force fnc = −
(
0 κ1
κ2 0
)(
x
y
)
in horizontal direction to
x-y plane. Then the total applied force in horizontal di-
rection is given by
fapp = −F · x = −
(
k κ1
κ2 k
)(
x
y
)
. (4)
fapp becomes non-conservative for κ1 6= κ2, which is
the source for nonequilibrium. It yields torque to pro-
duce nonzero circulation current even in the steady state.
Divergence-less circulation current maintaining proba-
bility distribution is an important characteristics for
nonequilibrium steady state [21]. Energetically, nonzero
current produces work and heat incessantly in time even
in steady state [22, 23]. In reality there is a confining
force in z-direction between the interfaces at top and bot-
tom of the liquid. However, it usually depends on z inde-
pendent of fapp, giving only simple equilibrium relaxation
in z-space. For simplicity, we use the same harmonic
force −kz. Non-equilibrium motion due to this fapp was
studied via the overdamped Langevin equation and many
interesting properties beyond the FT were found [21–23],
with which we will compare our MD simulation results.
Experimentally, this kind of non-conservative force can
be induced by time-dependent magnetic field B = B(t)k.
The resultant force is qv ×B− ∂A/∂t for charge q and
vector potential A. For constant B˙, the induced force is
given by
find = qB˙t
(
0 1
−1 0
)(
vx
vy
)
+
qB˙
2
(
0 1
−1 0
)(
x
y
)
.
(5)
In the overdamped limit with large friction coefficient γc
of the colloidal particle and short-time (or small B˙) limit,
3the first term can be neglected compared to effective dis-
sipating force −γcv in the regime γc ≫ qB˙t. In this
regime, κ1 = −κ2 = −qB˙/2.
In our work, we will carry out MD simulations for the
non-equilibrium motion due to fnc in the part of Eq. (4)
and confirm the results from the overdamped Langevin
dynamics. The central quantities characterizing non-
equilibrium motion are work W done on the colloidal
particle and heat Q flowing into the heat bath, which are
produced incessantly in time. The production rates of
the two quantities are given by
W˙ = fnc · v = −κ1vxy − κ2vyx , (6)
Q˙ =
∑
i
v ·∇VLJ(|x− xi|;σ′) . (7)
The first law of thermodynamics is given by dE/dt =
W˙ − Q˙ where E = mv2/2 + kx2/2. We expect our
study to serve as an alternative approach compared to
the Langevin dynamics and to provide a basis to extend
to more general cases for underdamped motion and long-
time regime with γc ∼ qB˙t or larger.
III. SET-UP FOR THE SIMULATION IN
OVERDAMPED LIMIT
To compare the results from MD simulations with
those from the overdamped Langevin dynamics, we first
estimate the friction coefficient γc from simulations,
which is a relative quantity between the colloidal par-
ticle and the liquid. In the following, we will present the
simulation set-up to prepare a viscous liquid and a col-
loidal particle with large mass and size maintaining the
overdamped limit, and how to estimate γc between the
two systems.
A. Variables and parameters
In our simulations, the liquid molecules and the col-
loidal particle are initially placed in a simulation box
of size L × L × L. Periodic boundary conditions are
imposed. Since the LJ potential is long-ranged, it will
cost an enormous running-time to sum all the interac-
tions. Instead, we set a cut-off distance rc, above which
the LJ potential can be truncated with negligible correc-
tion compared to thermal energies. We adopt the pa-
rameters from the well-established MD studies on the
LJ liquids [28, 29]. The particle number density is set
by 0.81σ−3 and the temperature by 1.1ǫ/kB, which was
found to represent a compressed liquid above the melting
temperature. rc = 2.2σ was found for these parameters.
We also use rc = 2.2σ
′ for the interactions between the
colloidal particle and a liquid molecule. We set the size
of L = 21.46 and about 9, 000 molecules are employed in
simulations.
We introduce dimensionless variables and parameters
used for the simulation. We rescale M/m → M , x/σ =
x, β−1/ǫ → β−1, t/
√
mσ2/ǫ → t. Then m, ǫ, and
σ are set to unity, and σ′/σ to σ′. Given the above
choice of temperature, β−1 goes to 1.1. In this rescal-
ing, VLJ(|xi − xj |/σ; 1) goes to VLJ(|xi − xj |; 1) and
VLJ(|x−xi|/σ;σ′/σ) to VLJ(|x−xi|;σ′). We also change
γ/
√
mǫ/σ2 → γ, k/(ǫ/σ2)→ k. κ1 and κ2 are set in the
unit of ǫ/σ2 as k. The white noises having the unit of
t−1/2 are rescaled as (mσ2/ǫ)−1/4ξi → ξi. All changed
variables and parameters become dimensionless. In the
following sections, we will use the dimensionless variables
and parameters, if not mentioned otherwise.
γ is not a real coefficient of the friction exerted in the
liquid, but a mathematical parameter of the Langevin
thermostat. Then, we can choose γ = 1 as long as the
temperature of the heat bath is fixed from the Einstein
relation, so the random force is written as β−1/2ξi with
β−1 = 1.1 in Eq. (2).
B. Overdamped limit
The experimental condition in most cases is consis-
tent with the overdamped limit where the inertial effect
is negligible. Our LJ-liquid itself is expected to have
a large friction coefficient. However, a colloidal parti-
cle with lager size than that of liquid molecules will ex-
perience a much larger friction obeying the Stokes law:
γc = 6πηR for the viscosity η and the radius of the col-
loidal particle R. In the MD simulation, liquid is not
continuous but discrete, so we expect γc ∝ σ′ where σ′
is the radius of the cross section of a pair of the colloid
and a liquid particle. There is restriction on the increase
of σ′ in simulations. Under periodic boundary condition,
the box size must be large enough to avoid possible un-
realistic hydrodynamic interactions between the colloidal
particle and its periodic replicas. A working criterion is
σ′/L < 1/10, otherwise the chance of the colloidal parti-
cle interacting molecules near the boundary becomes too
high. For L = 21.46 used in our simulation, σ′ = 1.5 is
about the maximal value we can obtain.
From the point of view based on the Langevin dynam-
ics, the equation of motion of the colloidal particle cor-
responding to Eq. (3) is given as M v˙ = fapp − γcv +√
γcβ−1ξ, where γc is the coefficient of the friction exert-
ing on the colloidal particle in a viscous liquid and ξ is the
same Gaussian noise as in Eq. (2). Before investigating
nonequilibrium motion, one can prepare the simulation
set-up for the overdamped limit in an equilibrium situ-
ation. We consider an equilibrium case for fapp = −kx.
In the overdamped limit, the fast-varying velocity is ex-
pected to relax more rapidly than the slowly-varying po-
sition. One can find the relaxation times of the velocity
and position are given by M/γc and γc/k, respectively.
Then, the criterion for the overdamped limit is given by
M/γc ≪ γc/k, which can be achieved either by small M
or by large γc. In reality, M is very large compared to
the mass of liquid molecules, so γc should be chosen large
enough for the overdamped limit.
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FIG. 1. (Color online) (a) The equilibrium correlation func-
tions C(t) in Eq. (8) for k = 1, κ1 = κ2 = 0 for various values
of σ′ show good agreements with 1.1e−t/γc for fitted values of
γc. (b) The plot for γc versus σ
′ confirms the Stokes law well.
We can estimate the friction coefficient γc of the col-
loidal particle from the correlation function for the posi-
tion in time which can be derived from the overdamped
Langevin dynamics as
C(t) = 〈x(t)x(0)〉 = (βk)−1e−kt/γc , (8)
which becomes 1.1e−t/γc for β−1 = 1.1 and k = 1. It
is a special case with κ1 = κ2 = 0 for the general for-
mula derived in Eq. (A4). We repeat the simulations for
1 ≤ σ′ ≤ 1.5. Figure. 1 confirms that C(t) from the simu-
lations fits the above theoretical equation very accurately
and the estimated γc’s satisfy the Stokes law. γc ranges
from 20 to 30 for 1 ≤ σ′ ≤ 1.5 and meets the criterion for
the overdamped limit, M/γc ≪ γc/k, for M = 10 used
to mimic the large mass of the colloidal particle.
IV. SIMULATION FOR NONEQUILIBRIUM
We run simulations in discrete time steps with an in-
terval ∆t = 0.001 and take 105–106 samples produced by
random noises in the Langevin thermostat and random
initial conditions. The motion in z-direction is a simple
equilibration process in an harmonic trap. The nonequi-
librium motion occurs in x-y plane where the applied
force −F · x is given from Eq. (4) where
F =
(
k κ1
κ2 k
)
. (9)
The dynamics is shown to be stable so as to reach a
new steady state if F is positive-definite [21, 22], i.e.,
Re(k ± √κ1κ2) > 0. If F is symmetric with κ1 = κ2,
the force is conservative. Then, the steady-state distri-
bution is Boltzmann associated with the potential en-
ergy 1/2(kx2 + ky2 + 2κ1xy). If F is asymmetric with
κ1 6= κ2, the force is nonconservative and the colloidal
particle reaches a nonequilibrium steady state.
We use k = 1, M = 10, and σ′ = 1.5. First, we
carry out simulations with κ1 = κ2 = 0 for a period
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FIG. 2. (Color online) The correlation function C(t) in
nonequilibrium state for β−1 = 1.1, k = 1, κ1 = −κ2 = 1,
and σ′ = 1.5. The plot from the MD simulation agrees with
that from Eq. (10). Then, we estimate γc ≃ 28.6.
much longer than the relaxation time γc/k ∼ 30 in order
for the colloidal particle to reach an equilibrium state.
Then, we turn on a nonequilibrium protocol, κ1 6= κ2,
which drives the colloidal particle out of equilibrium.
First, we examine the correlation function for the po-
sition in time and compare to the formula from the over-
damped Langevin dynamics, given as
C(t) = 〈x(0)2〉e−kt/γc cos
[√−κ1κ2
γc
t
]
, (10)
which is derived in detail in Eq. (A4). Since the col-
loidal particle is initially equilibrated for κ1 = κ2 = 0,
〈x(0)2〉 = (βk)−1. Figure 2 shows a good agreement of
the MD simulation with the above equation. We estimate
γc ≃ 28.6 for σ′ = 1.5, which agrees with the estimation
from the simulation in equilibrium shown in Fig. 1(b).
Thermodynamic quantities characteristic to nonequi-
librium are work and heat accumulated in time, which
are expected to be produced persistently. The work and
heat productions are found as
W =
∑
n
W˙n∆t , Q =
∑
n
Q˙n∆t , (11)
where W˙n (Q˙n) is the work (heat) rates at time step n,
which are obtained from Eqs. (6) and (7). The average
values are found from 105-106 samples.
Figure 3 shows the average rate of heat production
in time for equilibration process where there is no work
production for κ1 = κ2 = 0. As expected, it decays as the
system approaches equilibrium and there is no persistent
production of heat.
Figure 4 shows the average rates of work and heat pro-
duction in time for κ1 = −κ2 = 1. Time step n is started
after the simulation with κ1 = κ2 = 0 is performed so
that the colloidal particle is initially in equilibrium. The
nonequilibrium steady state is characterized by the inces-
sant productions of work and heat. Since 〈E〉 does not
change in the steady state, the work and heat production
become the same asymptotically for large t. In Fig. 4,
we observe that 〈W 〉〉/t and 〈Q〉/t converge to the same
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FIG. 3. (Color online) The simulation result for of heat pro-
duction in time for k = 1 and σ′ = 1. 〈Q/t〉 goes to zero as
time goes larger than the relaxation time γc/k ∼ 20. γc is
given from the data in Fig. 2.
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FIG. 4. (Color online) The average rates of work production
and heat production in time, 〈W 〉/t and 〈Q〉/t, for M = 10,
σ′ = 1.5, β−1 = 1.1, and κ1 = −κ2 = 1. The two rates
approach the same value for large t. The converging value is
approximately 0.076 and the estimate value of γc is equal to
29, which agrees very well with the values in Fig. 1(b) and
Fig. 2.
.
value as the system approaches steady state. From a re-
cent study via the overdamped Langevin equation [22],
It was found that 〈W 〉/t → 2[(κ1 − κ2)/2]2β−1/(kγc) as
t → ∞. In our dimensionless units, it is equal to 2.2/γc
for k = κ1 = −κ2 = 1, σ′ = 1.5, and β−1 = 1.1. From
the data in Fig. 4, we estimate γc ≃ 29. All of the estima-
tions of γc from different methods presented in Figs. 1,
2, and 4 agree very well.
V. WORK AND HEAT DISTRIBUTIONS:
FLUCTUATION THEOREM
The repeated measurements of work and heat pro-
duced during a period t present large fluctuations over
samples around the average values. The FT is a math-
ematical principle about the distribution functions for
such fluctuations of thermodynamics quantities accumu-
lated in time. It is convenient to consider the rates of
work and heat, w = W/t and q = Q/t, since 〈W 〉 and
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FIG. 5. (Color online) The distribution functions for (a) work
and (b) heat produced for various times. The centers of the
distributions approach the positive asymptotic value as in
Fig. 3. The two distributions show clear difference even for
large t. The non-vanishing distribution for w < 0 or q < 0
for large t shows that the thermodynamic second law can be
violated in individual events.
〈Q〉 increase linearly in large t, as shown in Fig. 4.
We obtain the distribution functions for w and q, given
by t−1
∑
n W˙n∆t, and t
−1
∑
n Q˙n∆t, respectively, from
105–106 samples of the MD simulations. Figure 5 shows
the distribution functions for w and q. The two dis-
tributions show clear difference even for large t where
〈w〉 becomes equal to 〈q〉. The thermodynamic second
law reads: ∆Stot = ∆Ssys + Q/T ≥ 0 where ∆Stot is
the change in total entropy of the system and heat bath
and ∆Ssys the change in system entropy, which leads to
Q/T ≥ 0 in steady state. In thermodynamic limit, since
thermal fluctuations are negligible, the statistical average
is not necessary. However, for small systems with large
fluctuations, the second law can be shown to hold only
in the average sense. From the FT for total entropy pro-
duction: 〈e−k−1B ∆Stot〉 = 1, one can get 〈∆Stot〉 ≥ 0 using
the Schwarz inequality. This means that the second law
can be violated in individual events. In Fig. 5, the prob-
ability of w < 0 or q < 0 does not vanish in long-time
limit.
In previous works [22, 23], the distribution function
p(w) for w was extensively investigated by means of the
generating function g(λ) = 〈e−λβtw〉 where the bracket
denotes the average over w. The so-called Gallavotti–
Cohen (GC) symmetry was confirmed as g(λ) = g(1−λ),
which is known to be another representation of the FT.
g(λ) was found to be finite only for λ− < λ < λ+ and
∞ otherwise where λ+ > 0 and λ− < 0. From the GC
symmetry, λ+ = 1−λ−. It was found that the divergence
of g(λ) at λ = λ± determines an exponential decay in the
tails of the work distribution. It was assumed that
p(w) ∼
{ |w|−αetλ−w , w →∞
|w|−αetλ+w , w → −∞ (12)
Then, near λ = λ− < 0, the dominant contribution to
g(λ) comes from the integral in positive branch of w,
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FIG. 6. (Color online) The semi-log plots of the distribution
functions for work rate w for various t show exponential de-
cays in both tails. In the inset, the table for the values of λ±
from the slopes of the tails for various t shows the Gallavotti–
Cohen symmetry, λ+ + λ− = 1.
given as
g(λ) ∼
∫ ∞
a>0
dWe−βtλww−αeβtλ−t
∼ (λ− λ−)−1+α. (13)
The same divergence of g(λ) near λ = λ+ can be obtained
from the divergent integral of p(w) in negative w. The
three types of tail behaviors were found as α = 0 , 1/2, 2
depending on the form of F. Our study belongs to the
first type, while the other two occur for unequal diago-
nal elements of F, corresponding to an anisotropic optical
trap. We only restrict ourselves to isotropic optical trap
and expect Eq. (12). Figure 6 shows a clear view of the
exponential decay of the distribution function for work,
which is an indicator of the first type. The estimated
values of λ± are shown to confirm the expected GC sym-
metry.
All the theoretical derivations of the FT are based on
the Langevin equations or the master equations. We ex-
pect the FT to hold in the MD simulations as good as
in the real experiments [9–18]. We examine the FT for
work, which can be expressed in either integral form as
〈e−βW 〉 = 1 or detailed form as
p(w)
p(−w) = e
βtw . (14)
In this work, we examine the detailed FT. In Fig. 7, we
plot (βt)−1 ln[p(w)/p(−w)], which is expected be w. The
figure shows the FT for work holds for all times.
We also examine the FT for heat. It was found that the
FT for a certain time-accumulated quantity holds only
if a proper initial distribution is given [30, 31]. For the
case of work, the initial distribution should be Boltzmann
in equilibrium, as we prepare in MD simulations. For
heat to present the FT, the initial distribution should be
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FIG. 7. (Color online) Define f(u) = (βt)−1 ln[p(u)/p(−u)]
for u = w, q. The examination of the FT for (a) the work
production and (b) heat production from the MD simulations.
In the panel (a), the data points are in good agreement with
f(w) = w, which confirms the FT for work. In the panel
(b), the guide lines, drawn using the fitting function aerf(bx),
show that the FT for heat does not hold.
uniform (∞-temperature distribution), which is hardly
achievable in experiments. In steady state as t goes to
∞, heat and work grow as t while the energy difference
remains finite. Moreover, the effect of the initial dis-
tribution decays exponentially in time. Therefore, one
might expect that the FT for heat will approximately
hold as t goes large. However, equivalence between heat
and work is only true in average sense. In Fig. 5, the two
distributions for large t present clear difference in spite
of the same average. The two path-dependent quanti-
ties are related by the first law as Q = W − ∆E. By
rare chances, however, ∆E can be comparable to work
and heat for unbound state with 0 ≤ E < ∞, as in
our case. If an initial (final) state is found from the tail
with large energy far from the center of the distribu-
tion, ∆E can be negatively (positively) large so that it
can significantly affect the positive (negative) tail of the
heat distribution. Recent works revealed that the initial
memory ever lasts in the positive tail of the heat distri-
bution [32, 36]. This so-called boundary effect on the
heat distribution due to ∆E was investigated in recent
works [33–37]. Indeed, Figure 7(b) shows the violation of
the FT for heat even if t increases. For large t, the slope
of f(q) = (βt)−1 ln[p(q)/p(−q)] near the center of the dis-
tribution goes to unity while the tails remain nonlinear,
as shown for the other nonequilibrium system [33, 37].
VI. SUMMARY
We investigate the motion of a colloidal particle mov-
ing in a liquid driven by a nonconservative force pro-
ducing a torque by using MD simulations. The liquid
composed of many molecules are designed to play the
role of a heat bath at a fixed temperature by using the
Langevin thermostat. The colloidal particle and the liq-
uid molecules are designed to interact with each other
7via the LJ potentials.
We mimic an experiment in the overdamped limit due
to a large friction. We assign larger size to the col-
loidal particle than that of the liquid molecules. We es-
timate the values of the friction coefficient γc from three
methods: the equilibrium and nonequilibrium correla-
tion functions for position in time and the asymptotic
production rate of work for infinite t. The three values
are found to be identical with high accuracy and to hold
the Stokes law, which assures us of the reliability of our
MD simulations.
After running the simulations for a sufficiently long
time in the absence of nonconservative force for the col-
loidal particle to reach equilibrium, we turn on a noncon-
servative force with κ1 6= κ2 and perform measurements
for work and heat produced for period t. From 105–106
samples due to random numbers used for the Langevin
thermostat and random initial conditions, we obtain the
distribution functions for work and heat. We observe
that the second law of thermodynamics can be violated
in individual events while satisfied in average. The dis-
tribution functions for work for various t are found to
decay exponentially in the both tails of the distribution.
We confirm the Gallavotti–Cohen symmetry inherent in
the tails. We also confirm the detailed FT to hold for
work, but not to hold for heat, as expected for nonequi-
librium processes starting initially from equilibrium. We
discuss the boundary effect on the heat distribution to
yield the violation of the FT for heat.
We are interested in the MD simulations for long-time
regime with γc ∼ qB˙t or larger that yields a nonvanishing
time-dependent Lorentz force in addition to the torque-
driving force in this work. It will be interesting to investi-
gate the nonequilibrium motion beyond the overdamped
limit by increasing the mass of the colloidal particle or de-
creasing the friction coefficient and other examples driven
by different nonequilibrium sources.
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Appendix A: The derivation of Correlation Matrix
The equation of motion of the colloidal particle in the
overdamped limit is given by the Langevin equation:
x˙(t) = −γ−1c F · x(t) + ξ(t), (A1)
where F =
(
k κ1
κ2 k
)
and 〈ξa(t)ξb(t′)〉 =
2β−1γ−1c δabδ(t − t′) for a, b = 1, 2. Let C(t) be the cor-
relation matrix with components Cab(t) = 〈xa(t)xb(0)〉.
Then, one can find dC(t)/dt = −γ−1c FC(t) by multiplying
Eq. (A1) by x(0), where 〈ξa(t)xb(0)〉 = 0 is used. The
solution is given by C(t) = e−γ
−1
c
Ft
C(0).
F has two eigenvalues λ± = k ±√κ1κ2 and orthonor-
malized left (right) eigenvectors 〈±| (|±〉) given as
〈±| = 1√
2
(1,±
√
κ1/κ2) , |±〉 = 1√
2
(
1
±
√
κ2/κ1
)
.
(A2)
Then, one can show F = λ+|+〉〈+| + λ−|−〉〈−| with
the property Fn = λn+|+〉〈+| + λn−|−〉〈−|. Using this
property, one can obtain e−γ
−1
c
Ft = e−γ
−1
c
λ+t|+〉〈+| +
e−γ
−1
c
λ
−
t|−〉〈−|, which gives
e−γ
−1
c
Ft =
1
2

 a+
√
κ1
κ2
a−√
κ2
κ1
a− a+

 , (A3)
where a+ = e
−γ−1
c
λ+t + e−γ
−1
c
λ
−
t and a− = e
−γ−1
c
λ+t −
e−γ
−1
c
λ
−
t. In our work, we consider nonequilibrium pro-
tocols κ1 6= κ2 which are turned on at t = 0 as the
system is initially in equilibrium for κ1 = κ2 = 0 with
C11(0) = C22(0) = (βk)
−1 and C12(0) = C21(0) = 0. In
particular, we consider the case for κ1κ2 < 0 and find
C11(t) = C11(0)e
−γ−1
c
ktcos
[√−κ1κ2
γc
t
]
, (A4)
C12(t) = C11(0)
√∣∣∣∣κ1κ2
∣∣∣∣e−γ−1c kt sin
[√−κ1κ2
γc
t
]
, (A5)
C21(t) = C11(0)
√∣∣∣∣κ2κ1
∣∣∣∣e−γ−1c kt sin
[√−κ1κ2
γc
t
]
, (A6)
with C22(t) = C11(t). We examine C11(t) by MD simu-
lation for an equilibrium case with κ1 = κ2 = 0 and a
nonequilibrium case with κ1 6= κ2 = 0, given in Eq. (8)
and Eq. (10), respectively.
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